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ABSTRACT: We define the open string version of the nonlinear sigma model on doubled ge-
ometry introduced by Hull and Reid-Edwards, and derive its boundary conditions. These
conditions include the restriction of D-branes to maximally isotropic submanifolds as well
as a compatibility condition with the Lie algebra structure on the doubled space. We
demonstrate a systematic method to derive and classify D-branes from the boundary con-
ditions, in terms of embeddings both in the doubled geometry and in the physical target
space. We apply it to the doubled three-torus with constant H-flux and find D0-, D1-, and
D2-branes, which we verify transform consistently under T-dualities mapping the system
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1 Introduction

It was shown in [1, 2] that an invariance of a string background generated by an abelian
isometry of the metric can be used to construct a T-dual background — an alternative
description of the same physics. If the isometry is globally defined the T-dual background
is a conventional geometry, perhaps with non-trivial curvature, B-field or H-flux [3]. If the
isometry is not globally defined, there is evidence that T-duality can still be performed,
but that it gives rise to a non-geometric background [4, 5]. For example, acting with
T-duality once on a flat three-torus with constant H-flux yields a nilmanifold — a two-
torus fibration over a circle with monodromy in SL(2;Z), the mapping class group of the
fibres. A second duality, which must be performed fibrewise, produces a space which is
locally geometric but globally non-geometric [4]. That is, its group of transition functions
between charts is generalised with respect to geometric manifolds, to include T-duality
transformations. This space is an example of a T-fold [5-7], a class of non-geometric
spaces that locally can be described as torus fibrations, with transition functions in the
T-duality group O(d,d;Z). It has been speculated that analogous spaces, with transition
functions which include U-dualities, called U-folds [8-10], would provide good M-theory
backgrounds. Since the Hilbert space of the quantum conformal field theory arising from a
two-dimensional nonlinear sigma model on the worldsheet of the string is invariant under T-
duality, even though the local target space geometry might change, T-folds make consistent
perturbative string backgrounds.

Hull [9] introduced a geometric description for T-folds by means of doubled formal-
ism, where the torus fibres are doubled to include in the picture the torus defined by
the dual coordinates. The fibre degrees of freedom are then doubled, and Hull defined a
“doubled” nonlinear sigma model with this new extended geometry as its target space,
the worldsheet fields corresponding to coordinates on both the original and dual tori. The
O(d,d;Z) T-duality transformation is then realised geometrically in this formalism as a
large diffeomorphism of the doubled fibres since O(d,d;Z) C GL(2d;Z). By imposing a
certain self-duality constraint the number of fibre coordinates may be halved, to recover
the standard sigma model on a physical target space.

A generalisation of the doubled formalism to a description where all the coordinates,
including the base, of a given space are doubled was introduced in [11], and specific exam-
ples were explored in [12]. These papers outlined a target space description of the doubled
geometry which generalised previous constructions to backgrounds which are not torus
fibrations. These more general doubled spaces are locally group manifolds. The sigma
model in the doubled torus construction [9] was further generalised in [13]. This sigma



model allows for a description of the doubled spaces considered in [11, 12] from the world-
sheet perspective. We shall not be concerned with the details of this sigma model here and
will only introduce those aspects relevant to a study of open string boundary conditions on
the doubled space. A thorough study of this model, including the techniques which allow
a conventional description of the background to be recovered (where this is possible), was
presented in [13].

In certain circumstances one may describe doubled geometry as generalised geome-
try [14, 15]. In such a description the vectors of the doubled space tangent bundle (or
forms of the doubled space cotangent bundle) are rewritten in terms of vectors and forms
on the generalised tangent bundle 7@ T™. For the particular backgrounds considered in
section 4 this was done in! [12]. There are currently only limited examples of (highly sym-
metric) backgrounds for which a doubled construction is known (see, e.g., [18]). However,
it is anticipated that all backgrounds admitting a description in terms of generalised ge-
ometry should also have a description in terms of an appropriate doubled formalism; see,
e.g., [19, 20].

Already in ref. [9] the necessary conditions were established for consistent D-brane
embeddings in the doubled torus formalism. This was elaborated on by Lawrence et al [21],
who demonstrated by explicit examples what additional considerations are necessary to
realise and interpret consistent D-branes in the doubled formalism for the flat three-torus
with NS-NS three-form flux (“H-flux”). Here we promote their analysis to the more general
doubled group framework, where all the coordinates are doubled, using the doubled sigma
model in ref. [13] with boundaries introduced to derive and classify the allowed D-brane
configurations in a systematic way. A three-dimensional torus with constant H-flux can be
described by a six-dimensional doubled geometry, the local structure of which is given by a
six-dimensional Lie algebra. The structure constants of this algebra are locally determined
by the H-flux. Different, possibly T-dual, descriptions of this background are characterised
by the structure constants, which are often referred to as “fluxes” [22]. In more realistic
compactifications these structures would be related to the four-dimensional low-energy
effective theory [5, 23, 24], but the space considered here is just a toy model for the
purpose of demonstrating the doubled geometry formalism.

Performing T-duality on the doubled torus with H-flux yields an “f-flux” structure
constant on the doubled space, which, as expected, characterises a nilmanifold when re-
stricted to the physical degrees of freedom. Further T-dualities, along other directions
on the doubled space, yield the “Q-flux” structure constant corresponding to a T-fold in
the physical model, and so-called “R-flux”, which hints at a locally non-geometric back-
ground [22]. Each of these structure constants represent local values of the Wess-Zumino
term in the doubled sigma model [13]. To be well-defined on the doubled space the D-branes
must be consistent under all T-dualities, as well as satisfy the sigma model boundary con-
ditions on each local patch.

! Another example is the Drinfel’d double, an object defined [16] as the bialgebra of a Poisson-Lie group G.
This bialgebra acts on the generalised tangent bundle TG®T* G, and it was shown by Lu and Weinstein [17]
that the Drinfel’d double structure may be encoded in terms of a doubled group geometry.



The structure of the paper is as follows. In section 2 we review the closed string
nonlinear sigma model on the doubled geometry introduced in ref. [13]. In section 3 we
extend their model to an open string version with boundaries. We derive the equations
of motion both in the bulk and on the boundary, in the process introducing Neumann
and Dirichlet projectors to define D-branes. In section 4 we solve the resulting boundary
conditions, together with a geometrically motivated orthogonality condition as well as
integrability, for the flat three-torus with constant NS-NS three-form flux embedded in
doubled geometry, and find the most generic form of Dirichlet projector allowed. We focus
on solutions based on a slightly simplifying assumption, which we classify, interpret in
physical terms, and check for global consistency, including compatibility with T-duality
transformations. We find four consistent solutions, in H-flux corresponding to DO-branes
(the same that was found in ref. [21]), D1-branes, and two kinds of D2-brane foliations.
Finally, section 5 contains a summary and discussion.

2 Doubled sigma model without boundaries

We will be interested in the generalisation of the nonlinear sigma model for a closed string
worldsheet > embedded in a 2d-dimensional doubled twisted torus X' [13], to a worldsheet
with boundaries. The target space is constructed as

X =T\¢,

where ¢ is a possibly non-compact 2d-dimensional Lie group and I' is a discrete subgroup
of & chosen such that X is compact (I" is “co-compact”). We choose I' to act on ¢4 from
the left so that the left-invariant one-forms P = G71dG (for elements G € &), which are
globally defined on ¢, are globally defined also on? X. The local structure of X is given
by the Lie algebra of ¢,

(Tar, Tn) = tyun"Tp,

where T); are the Lie algebra generators and tp;n? the structure constants. The sigma
model describing the physics of closed string worldsheets embedded in X', as introduced in
ref. [13], reads

1 1
S = —jé MuynPM A PN + —/ tunpPM APY AP (2.1)
4 Js 12 Jy

where V is an extension of the worldsheet such that? 9V = 3. The left-invariant one-forms
PM — pM gX! where X! are the coordinates on X, satisfy the Maurer-Cartan equations,

1
dPM + 5thMPN AP =0, (2.2)

2Right-invariant objects such as the one-forms dGG ', although they are globally defined on ¢, are not
in general globally defined on X =T'\¥.

3The Wess-Zumino term should really be written as % fv tanp P ABY APBT where PM € TY @ T*V
depends on the coordinates (7,0, v) on V such that (7, 0,v)|s = P (7,0). By a slight abuse of notation
we shall refer to the pull-backs to both ¥ and V' of one-forms in T*¥ as P.



and the metric My, which is independent of X!, takes values in the coset O(d) x
O(d)\O(d,d). We require the Lie algebra on ¢ to allow an O(d,d)-invariant constant
symmetric bilinear form Ly with signature (d, d). We work in a basis in which it has the
form (T denotes the d x d identity matrix)

Ly = (g g) . (2.3)

Using this metric the structure constants of the Lie algebra on ¢ may be expressed on the
totally antisymmetric form tynyp = LMQthQ.

2.1 Recovering the physical model

To recover the ordinary nonlinear sigma model on a physical target space we need to
eliminate half of the degrees of freedom. This is done by imposing the self-duality con-
straint [9, 13]

PM = LMN Myp = P, (2.4)
where the star denotes Hodge duality on the worldsheet. One also needs to define a

projection from the doubled space to a “physical” subspace; this choice of projection is
referred to as a polarisation [9].

2.1.1 Polarisation of the Lie algebra

In ref. [13] the Lie algebra of ¢ was given a polarisation by introducing a polarisation
projector IT and its complement ﬁ, the latter projecting onto the complement of the image
of IT in T*¥. The choice of polarisation encodes a choice of subgroup GL(d,R) C O(d,d)
under which the fundamental representation of O(d, d) splits into the fundamental repre-
sentation of GL(d,R) and its dual representation [25]. The ranks of II and II are thus
equal. Then the Lie algebra generators in this polarisation may be written as

X" ="y LM"VTy,  Zm = LM N Ty .

Here it will be useful to define the 2d x 2d matrix projectors

I ~ 0
HMN = N s HMN = ~ s
0 HmN

which satisfy the standard projection conditions
VM p =1Vp, TV IMp=T"p, TVyIMp=0, TNy +0Vy=06"y.
Then the left-invariant generators in a given polarisation may be represented as

Xm ~ 0
M N LVPTp = . IMyLNPTE = : (2.5)
0 Zm

One can show that the self-duality constraint (2.4) is well-defined only if II is null with
respect to L, II” L IT = 0. That is, the II-projection defines a maximally isotropic subalge-
bra of the Lie algebra on ¢. We also require that I defines a subgroup, i.e., the X close
to form a subalgebra.



2.1.2 Polarisation of the coordinates

In a given open simply connected patch of X we can define an analogous polarisation of
the coordinates,

zt =1 X!, # = ;X!
The polarisation of the coordinates is not globally defined [11, 13] and it is not always
possible to choose a set of physical coordinates z¢ globally. It is useful to define the

K ~ 0
0 IL;

and we may represent the coordinates z* and Z; by the following quantities,

i o
XIEHIJXJ:<:C>, XIEHIJXJ:<E)>.
0 Z;

If we choose the simple background My;n = dyn then in the coordinate frame the po-

projectors

larised doubled metric takes the form

_( 9 — Big"Byij Bixg™
Miy = ik ij )
—9"" By g

for a symmetric field g;; and an antisymmetric field B;;. The vielbeins PM; are maps
P :0(d,d) — O(d) x O(d) and can therefore be brought to lower block-triangular form by
an O(d) x O(d) transformation [12], so that

M emi 0
= . . 2.7
P < _em]Bji em’ ) ' ( )

with e™; the vielbein relating the metric ¢ to the flat metric,* gij = € 0mne"j. Note

(2.6)

that if the vielbeins PM are elements of O(d,d), then they preserve Ljsy so that also
Ly = LynPM PN ; has the form (2.3). In this case the polarisation projectors in the
coordinate frame are related to the ones in the Lie algebra frame by

HIJ _ (Pil)IMHMNPNJ, ﬁIJ _ (Pil)IMﬁMNPNJ )

If one chooses a different polarisation H’,ﬁ’, the doubled metric will be unchanged,
while the constituent fields g, B transform in a non-trivial way. This change of background
may also be viewed as the effect of T-duality, in physical space reducing to Buscher’s
rules [1, 2]. There is thus a direct correspondence between changing the polarisation and
performing a T-duality transformation [9], as we will see more explicitly in sections 3.3
and 4.

4Notice that the vielbein may be written

P]V[I _ (& 0 _ e O 1 0
—e B et 0e T -B1)’

i.e., as the product of GL(d) and B-shift transformations [26]. This makes explicit the fact that the vielbein
is an element of O(d, d).



3 Including boundaries

To describe the embedding of an open string in the doubled space we need to generalise
the sigma model (2.1) to include worldsheets with boundaries, 0¥ # 0. Note that now we
cannot have ¥ = 9V. Instead, for the extension of the worldsheet to a three-dimensional

space V' to be well-defined, we require
ovV=%+D,

where D is a region on the worldvolume of the D-brane bounded by the worldsheet bound-
ary such that 0¥ = —0D. However, the restriction of the Wess-Zumino term to D will
yield an extra term, which must be compensated for by adding a term to the closed string
action, so that the full Wess-Zumino part of the sigma model with boundaries reads [27]

SWZ:/T—/W,
\%4 D

1
T = EtMNPPM APN APE )

and w is a two-form defined only on the D-brane, satisfying (v denotes interior product)

where

T |p = dw. (3.1)

As we will see below, w contributes only to the boundary equations of motion. Therefore
the self-duality constraint (2.4) is not affected by the extra Wess-Zumino term.

For a general configuration of n D-branes, the Wess-Zumino term is generalised to
n n
SWZ:/T—Z/ w; , T |p, = vdw; , (9V=E—|—ZD¢.
14 i—=1 Y Di i=1
3.1 Equations of motion

The total sigma model action now reads

1 1 1
S:_/MMNPM/\*PN+—/tMNpPM/\PN/\PP——/ wunPMAPYN | (3.2)
4 s 12 Jy 2 /p

and we next derive its equations of motion, in the bulk and on the boundary. Under

infinitesimal variations in X!, the one-forms P transform as
sPM = PMd(6XT) + (9;,PM )oxX ax!
To derive the equations of motion we first vary the kinetic term,

N | =

/d(MMNPMIcSXI =« PN)
2

1
—5/ (MMN d*’PN—i—MpN tMQPPQ/\*PN) PM[5XI, (3.3)
by



where we have used the Bianchi identity (2.2). The first term in eq. (3.3) is a total
derivative, giving the boundary term

1 1
0Som = 5 /Z d (MynoXTPY 5 PY) = —2 / dr [P 16X MynPY 10,X7] . (3.4)

Next we vary the Wess-Zumino term in the action (3.2), obtaining

sswz= [ £~ [ L@ = [ aen = [ a0~ [ ).

where £, = di.+t.d is the Lie derivative along the vector field ¢ = 6X!9;, and we have used
dT = 0, which follows from the Jacobi identity t[MNQtP}QR = 0. Inserting 9V =3+ D as
well as the definition (3.1) of w, the variation can be rewritten as

OSwz :/LeT—/ d(tew)
b D
which, because 9% = —0D, becomes

OSwz :/L€T+/ Lew
b)) [o)>

1
=3 / X! tynpPM PN APE + | sXwrdx? . (3.5)
P )3

From egs. (3.3), (3.4) and (3.5) the equations of motion are found to be, in the bulk,

1
d * MMNPN + MNPtMQPPQ A *PN — §tMNp'PN A PP =0, (3.6)

and on the boundary,

1
ox7 pM —§MMN73N160XI +wyunPNo. X =o0. (3.7)
o))
As expected, the bulk equation of motion (3.6) agrees with that of the closed string in
ref. [13], as it is of course not affected by the existence of a boundary. In particular, the

extra w-term appears only in the boundary equation of motion.

3.2 Boundary conditions

The analysis of the boundary condition (3.7) is essentially identical to that performed by
Hull [9] and Lawrence et al [21] for the doubled torus construction, leading to analogous
results. We introduce projectors that define D-branes in the doubled space, namely,

i = < Normal vectors: Dirichlet

¢ =8l x/ Tangential vectors: Neumann

where Z and Z are Dirichlet and Neumann projectors, respectively, satisfying

=J J K =J =K =J J =K J
k=21 =0, EkE =27, K21 =

1+E =071, E I-

[1
(1]
(1]



The projectors Z and = are defined only on the brane and so all expressions involving them
are assumed to be evaluated on the boundary 0%. The projectors have counterparts on
the Lie algebra of ¢, or more conveniently on the cotangent bundle,

(PJ‘)M = EMN'PN e N*D,

(P = =MyPN e D,
where D is the D-brane worldvolume. These Lie algebra projectors satisfy the correspond-
ing projector conditions,

=M

=M P
= N+t N=

M — —
0 P= N =S "N

N

We also require the Neumann projector to be integrable, so that it locally defines the brane
as a smooth submanifold of the target space,

=lE =R =0, (3.8)

The projectors are moreover required to be orthogonal with respect to the doubled metric
MIJa 7 7
0=2l g M B =2 kP MynPN 271 (3.9)

We are now fully equipped to derive the final form of the boundary conditions for the
doubled sigma model. The boundary equation of motion (3.7) may be written as

1
oxt |:—§PMIMMNPNJ60XJ + wIJaTXJ:| =0. (3.10)
[2)>

It has solutions
6XK§1K = ENMPMI(?TXI =0 Dirichlet condition (3.11a)

1
=l <_§PM[MMNPNJ80—XJ +(A)[J87XJ> =0 Neumann condition (3.11b)

Note that the Dirichlet condition can be written as

0=2"50,XK = B/ (P HEuPY 0.X = (P NE wPY 0.XT .

The Dirichlet and Neumann conditions need to be consistent with the self-duality con-
straint (2.4). The latter implies (with worldsheet metric n = diag(1, —1) and antisymmetric
symbol €y; = 1)

PMo,. X = —LMN My pPP ;0,X7 (3.12a)
PM9, X = —LMN MypPF ;0,X7 . (3.12b)

Using (3.12b) and (3.11a) in (3.10), as well as Lyn = MypLTY Mgy, one finds

1
OXE=l <§LU + wu> =/.0.x = 0.



Since Ly is symmetric and wyy antisymmetric the pull-back of the two terms in parentheses
to the brane must vanish separately,

Bl L2/, =0, (3.13)
=l wr B/ =0. (3.14)

Condition (3.13) implies that any vectors tangent to the D-brane are null with respect to
Ly, so the D-brane is a tangentially null space with respect to Ljy, hence the D-brane
is an isotropic subspace of X. The condition (3.14) says that w restricts to zero on the
brane, and since in fact w is defined only on the brane, we see that w = 0. Given the
definition (3.1) it follows immediately that .7 |p = 0, so

2l uT|p =0,

and because Z is integrable, cf. eq. (3.8), it follows that the Wess-Zumino term restricted
to the brane vanishes, 7|p =0, i.e.,

ENGET BN try =0, tppke = tunpPY pPY PP (3.15)
Note that since w = 0 is a non-dynamical condition, one could set w to zero already in the
action (3.2), at the expense of having to impose the condition ¢7 |p = 0 by hand.
One finds another condition by substituting the self-duality constraint (3.12a) into the
Dirichlet condition (3.11a), namely

EQMLMNMNPPPJ&,XJ =0,

or
=X LIEPN My pPP 19,X7 = EX LM ,0,X7 = 0. (3.16)

From the Neumann condition (3.11b) follows, upon insertion of (3.14) and (3.11a), that
E kP IMunPY 10,X7 =0,

0 eq. (3.16) becomes
= LIEEY My 9,X7 =0,

from which immediately follows that

—

1 =J
kL2 =0. (3.17)

[1

Hence both the Neumann and Dirichlet projectors are null with respect to L, so that the
D-brane is a maximally isotropic subspace of the doubled geometry, and we see that

—_ =L
Sl xLiy=Lgi= . (3.18)

Thus for every Neumann condition there is a Dirichlet condition, and they are related by
an action of L, so that there are equal numbers of Neumann and Dirichlet conditions. The
results (3.13) and (3.17) are just the doubled geometry extension of the null conditions



in ref. [21], while the condition (3.18) is the generalisation of the corresponding condition
in [9].
To summarise, the set of boundary conditions defining smooth D-branes in the doubled

space X are® (where we have included the two geometrically motivated assumptions (3.8)
and (3.9)):

Null conditions (3.13) and (3.17):

—_ —_ =/ =J
2l L2 =5 kL2 L =0 (I)

The D-brane must be a maximally isotropic subspace of X.

e Structure constant condition (3.15):

= =J =K
E = JET kit =0 (1I)

The two-form w on the D-brane must vanish and the Wess-Zumino term
trykx imposes a restriction on the orientation of the brane.

e Orthogonality (3.9):
=l MpE L =0 (TIT)

The Neumann and Dirichlet projectors are mutually orthogonal with
respect to the doubled metric My .

e Integrability (3.8):
= [EJ J@[[/EKJ/} =0 (IV)

The D-brane is locally a smooth submanifold of X.

3.3 T-duality

Since we will need to apply T-duality to our system, including boundaries, here we define
the T-duality transformations in explicit matrix representation. Of particular interest are
d-dimensional backgrounds constructed as T¢~! fibrations over a base circle. The doubled
space is a 2d-dimensional geometry on which there is a natural action of O(d,d;Z). The
action of O(d—1,d—1;7Z) C O(d,d;Z) can be realised as a fibrewise T-duality on the 79!
fibres, and there is some evidence [5] that the action of the full O(d,d;Z) can be realised

as a nonisometric generalisation of T-duality. Then Buscher’s rules, where applicable, are

°Tt is unclear whether or not the boundary conditions for the doubled sigma model admit an analogue of
the gluing matrix R defined for the conventional nonlinear sigma model, cf. refs. [28, 29]. In particular, the
gluing matrix of refs. [28, 29] encodes conformal invariance on the boundary, and it is not obvious how the
conformal invariance of the conventional sigma model may be represented within the doubled formalism.
We leave the question of existence and interpretation of such a doubled analogue of the gluing matrix to
future investigations.

,10,



reproduced by the action of the matrices [30-33]

I-7; T;
P = ) 3.19
p < T, 1I—T,~> (3.19)

where the submatrices T;, ¢ = 1,...,d are zero everywhere, except for a 1 in the i-th
diagonal entry. The operator p; thus T-dualises along the i-th direction, e.g., p,: exchanges
x® with its dual #; (cf. section 2.1.2). The left-invariant one-forms transform as

P(X) - P'(X) = T pPM Ny PV (XN X!, X =pl;x7.

This transformation may be viewed in two different ways, the “active” versus the “passive”
approach [9, 25]. In the active transformation the polarisation is kept invariant while the
geometry (doubled vielbeins, doubled metric, Neumann and Dirichlet projectors, as well
as their arguments) changes. The passive transformation on the other hand acts only on
the polarisation, leaving the geometry unchanged. Here we use the active transformation,
for which the explicit duality rules read [11, 12]

PM LX) = P (X = pM NP (pX) p 1,
My (X) = M (X') = p" M (pX) p* s, (3.20)
= X) = E’IJ(X') = p' kEXL(pX) p"s.

The dual branes must satisfy the dual boundary conditions. The null condition (I) trans-
forms as
EX)TL E(X) — =X)L 2/(X)
= (pTEX)Tp")(p" L p)(p EX') p) = p" EX)TL E(X') p=0,

hence if Z is null, then the dual Z’ is automatically null, and the same holds for Z. Similarly
the orthogonality condition (III) transforms in a trivial way,

2(X)TM(X) E(X) = Z/(X)T M (X) E(X) -
= (pTEX)TP) (o M) p) (0 Z(X) p)
= pTEX)T M(X) E(X)p =0,

so that the duals of any pair of mutually orthogonal projectors Z and Z are always or-
thogonal to each other. The pull-back of the structure constants by the vielbeins PM,
trjg = L[IltI/JK, transform as

trox =ty = Lt g = [PRILRS PSI'] [PIIR/tRIJ’K/ e

= [Lrrt®pk] p 17" s (07"

=tryxp 10 ) s () k=t ppp,

K

whence follows the dual version of condition (II), schematically (total antisymmetrisation
is understood),

[1]

(X)

[1]

(X)EX) t— E'X)EX)EEX) ¥
= (P EX")p) (p EX) p) (0 EX) p) ppp t
=ppp EXNEX)EX) t=0,
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i.e., it is automatically satisfied if the original condition is. Finally, the integrability con-
dition (IV) similarly transforms linearly,

(1]

(X) 1 EX)? iy HEX)E - Z(X) g, :’(X’) 0;E'(X NE; A
= (p E(X ) )[1/( u( ') p)? ]plazu( NErpl i " K
o i p” 5 oKk BN (p X 5y 0EXNE =0,

hence the dual brane is always integrable if the original one is.

Note that in the passive approach, where only the polarisation projectors transform,
the invariance of conditions (I)—(IV) is obvious since the polarisation is not manifest in
these conditions.

4 An explicit example

We consider a six-dimensional doubled group ¢ and study the boundary conditions for
the sigma model on the twisted torus X = I'\&. The local structure of X" is given by the
5 =

structure constants of the group ¢, t120 = to3? = t5 —m € Z, which appear in the Lie

algebra
[T, T3] = —mT5 , [T, T3] = —mTy, (T3, T1] = —mT5, (4.1)

with all other commutators vanishing. A dual representation of this Lie algebra is given
by the left-invariant one-forms (obtained by solving the Bianchi identities (2.2))

Pl=dx!  P'=dX*+ ;mX2dX3 — ImX3dX?
P?=dX? PP =dX°+ imX3dX! — mX'dX? (4.2)
P3=dx? PO =dXC®+ ImXdX? — ImX2dX!

where local coordinates X! on X have been chosen. In this dual representation the local
structure of X is fixed by the Bianchi identities for PM, while the global structure is
determined by the co-compact subgroup I', which may be defined by its action on the
coordinates X! as the identifications

Xt~ X4t X4~ X4 — %mX3c2 + %mX2c3 +
X2~ X242 X5~ X5 — dmXEe® + ImX3e! + & (4.3)
X3~ X343 X6 ~ X6 — %mXQCl + %lecQ + 8

where ¢! are real constants depending on the details of I'. The Wess-Zumino term in the
action (3.2) can be written as (since tj93 = —m)
1
T=-5m dXP A dX? A dX3 (4.4)

and much of our focus will be on the constraints imposed by this three-form on the Dirichlet
and Neumann projectors. We shall proceed by choosing a polarisation that corresponds
to a conventional sigma model describing the embedding of the worldsheet in a three-
torus T2 with a constant H-flux background. Other, possibly T-dual, sigma models may
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be obtained from the “doubled” sigma model (3.2) by different choices of polarisation
— effectively different coordinate choices in the doubled space. The relationship between
changing the polarisation, which can be understood as an action of an element of O(3, 3;7Z),
and T-duality was discussed in section 3.3 and at length in refs. [9, 25].

The doubled geometry allows for eight different polarisations, related by O(3,3;Z)
transformations summarised in the following diagram,

ha:yz fyzm
v/ N e Y
faz? fmyz A Qyzx Q"
2\ Ay v\ /=
Q.v* R@v?

where z,y,z are three of the coordinates X!, and the arrow with label = denotes a T-
duality along the z-direction, or along its dual . The structure constants h, f and @ fix
the local structure of the H-flux, nilmanifold and T-fold backgrounds, respectively, while
the R-flux background does not have a description as a conventional spacetime. Some of
these dualities have been shown to be true symmetries of string theory [34], others are only
conjectural. The issue of whether or not the action of O(3,3;Z) is a symmetry of string
theory is an important one, but will not be discussed further here.

The remainder of this section is devoted to the derivation and description of the D-
branes living on the eight backgrounds in the above diagram, from the embedding in
doubled geometry.

4.1 T° with H-flux

Consider the choice of polarisation of coordinates

z=T"/ X =X!, y =11, X1 =X2, 2 =17 X =X3, (4.5)
T =TI, X =X, g =1, X' =X°, Z=1L; X =X, '
whence the Wess-Zumino term in eq. (4.4) becomes
1
T:—§mdac/\dy/\dz. (4.6)

To simplify the discussion we choose the doubled metric in the Lie algebra frame to be
My = dun. The pull-back of this metric to the doubled space is My = PM 16 nPYN J,
so that, using eq. (2.7) in this polarisation® (m/ = m/2),

14+ my? +m'?22 —m’%zy —m'%zz 0 mz —mly
—mzy 14+ m'?22 + m/?22 —m'%yz -m'z 0 mx
My — —mxz —m'?yz L+m222+my® mly —m/z 0
= 0 —m/z m'y 1 0 0
m'z 0 —m/x 0 1 0
—m'y m'x 0 0 0 1
5Since the three-torus is flat, the three-dimensional vielbein is e™; = 6™, and we have gij = 0ij-

Moreover, we have chosen B = m/(zdy A dz + ydz A dz + zdz A dy).

,13,



This polarisation gives rise to a physical background which is a three-dimensional torus
with constant H-flux. The “local frame” version of the Lie algebra reads

[ZJ:7 Zy] = hxszz ) [Zya Zz] = hyszm ; [ZZ7 Zx] = hza:yXy ;

h:vyz = hyz:v = hzmy =—-m,

where Z; = (Zy, 2y, Z) and X' = (X%, XY, X?) are obtained as contractions of the corre-
sponding generators in eq. (2.5) with the inverse of vielbeins. The Z; and X' are related,
respectively, to the isometries of the three-torus and to the antisymmetric tensor transfor-
mation of the B-field.

4.1.1 Solving the boundary conditions

To begin the analysis of D-brane embeddings, first note that due to the relation (3.18)
between Neumann and Dirichlet projectors any given D-brane has equal numbers of Neu-
mann and Dirichlet directions in the doubled space. Thus in this example each brane has
three Neumann and three Dirichlet directions.

The polarisation projectors and the O(3, 3) invariant metric in a given open contractible
patch can always be written as

10 ~ 00 01
HIJ=<00>, HIJ=<0]I>, LIJ:<]I0>- (4.7)

The form of allowed Dirichlet projectors in this basis is determined by the four boundary
conditions (I)~(IV) listed in section 3.2, and we start with condition (I). That is, we solve
the null condition (3.17) together with the projector condition =% = E. One finds

= (Z ]I—baT> , (4.8a)

where the 3 x 3 submatrices a, b, ¢ satisfy

(11

bl = —b, ab+ (ab)T =0,
' =—c, ca+ (ca)T =0, (4.8b)
bc=a(l—a).

(11

With the restrictions (4.8b) the null condition (3.13) for the Neumann projector = = T —
is also satisfied, and as a consequence so is the relation (3.18).
Next we impose the boundary condition (II), i.e., we require that w = 0 in eq. (3.1),
so that
2l T|p =0. (4.9)

As shown in section 3.2 this is equivalent to requiring

/

J =K _ =T =
BT = JER g tryxr = —6m E°;EY

—_
A
—

K =0, (4.10)

and since m # 0 this means that the totally antisymmetrised product of Neumann pro-
jector entries in the x-, y- and z-rows must vanish. Thus we may keep only those of the
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Dirichlet projectors which correspond to such Neumann projectors. The physical interpre-
tation of this requirement is obtained by inserting the projector in the doubled Dirichlet
condition (3.11a), which shows that the projector defines one of the Dirichlet directions in
the doubled space to include a component in the space spanned by the x-, y- and z-axes.
On the other hand, it is immediately clear that any brane with at least one Neumann
direction in the space spanned by the Z-, g- and Z-axes will automatically satisfy (4.9),
since 137 = 137 = 137 = 0. Thus boundary condition (II) prohibits branes wrapping the
whole of the physical 7.

Further limitations on the solutions (4.8) are imposed by boundary condition (III),
which requires the Neumann and Dirichlet projectors to be orthogonal with respect to the
doubled metric,

(1|

ETME =0. (4.11)

Solving the system of equations (4.8b), (4.10) and (4.11) one finds a generic form of

the Dirichlet projectors allowed, plus a number of solutions corresponding to those values
of the free parameters in a,b, ¢ where the projector (4.8a) blows up. The generic solution

= a b
= :<c]I—aT>7 (4.12a)

has the block matrix form

with the matrices a, b, ¢ given by

- m/z(aza—m'zb13)b13
m/ybiz+azz—1

ain m'zbiz

— . (azz—1)(az2—m'zb13)
a 0 1—asgs+an = 5ot : (4.12b)
0 asz ass
(az2—m'zb13)b13 aj1aze  ai1(azz—1)
( 0/ bis)b m/yb13+azz—1 b1z 0 b1 ,513
J— Q. —m'z _ alla
b=1 - WPZ/bema;,z—lf 0 0 €= o 11?11332 0 mxan )

ai1(azz—1

—b13 0 0 —7“(195’;’ ) _m'zay 0

(4.12c¢)
where there are two free parameters, here taken to be b3 and as3. The other matrix
elements depend on these two parameters via the relations

aj] = —[b%3(1 + m/222) + m’yblg(m/yblg + ass — 1) — m’zblgagg]/(m'yblg + ass — 1) .
(4.12d)
There are a number of values for the parameters b13 and asz for which certain elements in

{ 0= a§2 — 2m12613a32 + b%?’(l + m/222) + (m’yblg + agg)(m'yb13 + azz — 1) R

=y blow up, in particular when b3 = 0 or azgz = 1 — m/yb13. We can still make sense of the
Dirichlet projector = at these specific values of the parameters by first setting the divergent
elements in the submatrices a, b, ¢ to zero and then solving eqgs. (4.8b), (4.10) and (4.11).
In this way one finds three independent solutions, each evaluated at bj3 = 0 and/or a3z =
1 —m'yby3, in addition to Zy (which is evaluated at b1z # 0 and asz # 1 —m'yb13). Two of
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these solutions will be given in eqgs. (4.17) and (4.18) below, while the third is of the form

0 0 0
a = 01— as3 a3 y b= 0, a§3 = a33(1 — a33), (4.13&)
0 ag ass

0 —m/zasg3 — m'yass m'y(1 — aszz) + m'zass
c= m’zass + m/'yass 0 0 . (4.13b)
—m'y(1 — ass) — m'zags 0 0

where O denotes the 3x3 matrix of zeros. We have thus found that the Dirichlet projectors
which satisfy the conditions (I), (II) and (III) of section 3.2, fall into two classes. The first,
of the form (4.12), is valid when by3 # 0 and a3z # 1 — m/yb13. The second class, given in
eqs. (4.13), (4.17) and (4.18), contains projectors valid at the special points bj3 = 0 and/or
a3z = 1 — m/yb13. All other solutions can be derived from these four by permutation of
the coordinates z, vy, z, T, 9, Z, and by setting the free parameters to appropriate values
or functions.

It remains to impose boundary condition (IV), integrability. However, due to the
complexity of the generic solution (4.12) we failed to confirm, or to derive conditions for
integrability in general. We therefore choose to focus on a subset of solutions, namely those
for which one of the z-, y- and z-rows in the Neumann projector vanishes. Such projectors
trivially satisfy the structure constant condition (4.10), and we single out the z-direction
so that

B =(1-2)"7=0. (4.14)

In other words, (I—a,—b)*; =0V I € {z,y,2,Z,9, 2}. Inserting this projector in the dou-
bled Dirichlet condition (3.11a) tells us that what we have done is to choose the z-direction
to be Dirichlet. Similarly, choosing the y- or z-row to vanish renders the corresponding
coordinate Dirichlet, and the respective analysis is related to the one for x by a coordinate
permutation.

The system of equations (4.8b), (4.11) and (4.14) has four solutions (according to

Maple 9.5 and 11).
iI0)
= 4.15
1 (B O) ) ( )

where B is the B-field appearing in the doubled metric, cf. eq. (2.6).

a O
= 4.16
2 <c ]I—aT> ' (4.16a)

where the submatrices a and c¢ are given by

e The first solution is

(1|

e The second is

(11

100 0 0 0
a=1000 ], c=(0 0 —mx|. (4.16b)
000 0m'z 0
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e The third solution is

(11

a 0
— 4.17
3 <c ]I—aT> ’ ( a)

where
1 0 0 0 c12 13
a = 01— assz ag3 y c= —c12 0 0 y (4.17b)
0 a3 ass —ci3 0 0

and the entries in a and ¢ satisfy

ajy = az3(1 — ags) c1g = m'z(1 — asz) — m'yass, c13 = m'zazs — m'yass .
(4.17¢)

e The fourth and final solution is

= a b
= = 4.18
4 < cl— aT> ’ (4.182)
where
1 0 O 0O 0 O
a=| —m'ybys azs 0 |, b=10 0 by |, (4.18b)
—m/zbgg 0 ass 0 —bgg 0
0 m'zass —m’yass
c=| —m'zas; 0 asz(ass —1)/baz | , (4.18c)
m'yazs —ass(azz — 1)/ba3 0

and bog and agz satisfy

m'z(2az3 — 1) £ /(m/z)? — 4azs(azs — 1)
2(1+ (m'z)?)

7é 0, 4a33(a33 — 1) < (m/m)Q .

(4.18d)

bo3 =

Note that = is just a permuted version of the solution (4.13) with ass = 1.

The Dirichlet projectors given in eqs. (4.15)—(4.18) satisfy three of the conditions de-
rived in section 3.2, namely (I)—(III), and the integrability condition (IV) is now relatively
straightforward to solve. It is easy to see that integrability is automatically satisfied for =;
and =y, whereas for Z3 one finds that only ass = 0 and a3z = 1 give integrable Neumann
projectors, and for Zj it is necessary that

m'x m'x

{a33:0,523:—m} or {a33=1,b23:m}. (4.19)

Note that since bys = 0 in Z4 is a singular point, this projector is ill-defined at = = 0.
However, upon inspection one finds that in the limit # — 0, Z; approaches Z; when
asz = 1, and Zy when a3z = 0.

In the following subsections we derive the explicit embeddings of branes corresponding
to the projectors (4.15)—(4.18), both in doubled space and in physical space.
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4.1.2 The Dirichlet projector Z;: D0-branes

For the Dirichlet projector Z1, solution (4.15) with non-trivial B-field, the Dirichlet condi-
tions (3.11a) become

g 0.7 =0 = {02 =0y = 0.2 =0} . (4.20)

Thus this brane is necessarily fully Dirichlet in the {z,y, 2z} dimensions, giving a DO-brane.”

From the Neumann condition (3.11b) we find

0T —m/' 20,y — m'ydyz = 0
2k M10,X7 =0 = 05 +m 20,2 — m'20yz =0 (4.21)
0z + m'ydox +m'xd,y =0

The solutions to (4.20) and (4.21) are of the form

i(r,0) = fi(r) + m'z(0)y(o)
4(r,0) = fo(r) +m/ [dolz(0)dpx(0) — 2(0)0p2(0)]
Z(r,0) = f3(1) —m'z(0)y(o)

for some arbitrary functions f;. Since the f;:s are mutually independent, the moduli space
of allowed motions for the end-point of a string (which by definition is at some fixed
o) coincides with the three dual dimensions. Thus the brane fills up the dual {z,y,2}
dimensions, as expected from the Dirichlet conditions (4.20) and the fact that the brane
must have three Neumann directions in doubled space.

Because the brane is fully Dirichlet in the {x,y,z} directions, the application of the
self-duality constraint (2.4), which we use to eliminate dual coordinates, yields no new
information. In fact, the constraint becomes just the Neumann conditions (4.21). Thus
the Dirichlet projector Z; defines a DO-brane located at an arbitrary point in the physical
space, or rather, a foliation of DO-branes.

4.1.3 The Dirichlet projector Z,: D2-branes
The Dirichlet conditions (3.11a) for the solution =5 in eqs. (4.16) become

O,r =0
EIJaTXJ =0 = m'xd.y + 0,2 =0 (4.22)
m'xd,z — 0,5 =0

This brane is always normal to the z-direction (a requirement imposed by eq. (4.14)), but
a straight line in the y-Z plane and a straight line in the z-y plane, and it is inclined by an
angle determined by the position along the z-axis. From the Neumann condition (3.11b)
we find

=l Mpox’ =0 = {0, = 0y = Oyz = 0} . (4.23)

"In our notation a Dp-brane extends in p of the physical dimensions z, y, z. This is because our
target space does not include the physical time direction, which is part of the external uncompactified
four-dimensional spacetime.
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Note that for x = 0 the directions y and Z are Dirichlet. This is a D2-brane located at
x = 0 and filling up the y, z and Z dimensions. The description in terms of physical space
coordinates (z,y, z) is straightforward, since the self-duality constraint (2.4) reduces to a
trivial exchange of Neumann and Dirichlet conditions on original and dual coordinates:
0,;%; = —0,2%, 0,%; = —0-a*, where 2° = (2,v,2), ¥; = (Z,7, 2).

For x # 0 eqgs. (4.22) and (4.23) are solved by (f; and f, are arbitrary functions)

= z(0) T =2Z(T)
y=y(7) §=m'z(0)z(7) + fi(0) (4.24)
z = 2(7) zZ=-—m'z(o)y(r) + fa(o)

The end-point (at fixed o) of this string moves freely along the Z-direction, while it is
restricted to a straight line in the z-y plane and a straight line in the y-Z plane, with
inclinations parameterised by the position of the brane along the x-axis. The values of the
functions fi(o) and fa2(o) determine the position of the lines in their respective planes.
Since the number of Neumann degrees of freedom in the {y, z, 7, 2} directions is two, given
by y(7) and z(7), the brane defines a two-dimensional plane in these dimensions. Thus
eqs. (4.24) define a foliation of D-branes extending along the Z-direction, whose remaining
two Neumann directions span a two-dimensional surface in the {y, z,9, 2} directions, with
z-dependent orientation. Note how this embedding consistently reduces to the z = 0 case
analysed above, with the brane oriented along the y- and z-directions. Thus there is a
continuous foliation for all z.

Since this brane is rotated in a subspace of the doubled space involving both physical
and dual coordinates, it is not immediately obvious what kind of physical brane it cor-
responds to. To find out, we insert the solution (4.24) for § and Z into the self-duality
constraint and solve the resulting system of equations. Imposing the Dirichlet and Neu-
mann conditions (4.22) and (4.23) the self-duality constraint (2.4) reduces to

0.7 =m'z0,y — m'y0;z — Oyx
05 = —m'20,x — 07y (425)
0,2 = m'yd,x — 0,2

Because y and z are both independent of o, the first equation implies that 0,z is in fact a
constant. As a consequence 9, f1 and 9, fa are also constants. The two equations for 9,9
and 0,z in (4.25) become, upon insertion of the solutions (4.24) for § and Z, a system of
partial differential equations for y and z,

Ory(7) +2m'2(7)05x + 05 f1 = 0
0-2(1) = 2m'y(1)0px + Oy f2 = 0

Discarding the trivial unphysical solution with all coordinates set to constants, this system
has two solutions (C; are arbitrary nonzero constants),

{.%'201, y=Cor+ (s, Z:C4T+C5} (4.26)
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x = Cgo + Cy
y = Cgsin(2Cem/1) + Cg cos(2Csm/7) + Chg (4.27)
z = Cysin(2Cem/7) — Cs cos(2Cem/7) + Ciy

The solution (4.26) dictates that the string end-point move on a straight line in the y-z
plane, while the solution (4.27) describes a circular motion in the same plane. In physical
terms, the straight line solution corresponds to an electrically charged string end-point
moving in an electric field, while the circular motion is that of the charge in a magnetic
field. The actual path of a given string is an arbitrary linear combination of the two
propagation modes, whence the number of Neumann degrees of freedom is two. Hence
the physical brane is a D2-brane normal to the z-axis, filling up the y-z plane. Since the
xr-position is also a free parameter, there is actually a foliation of the physical space by
D2-branes normal to the z-axis.

4.1.4 The Dirichlet projector Z3: D1-branes
For the Dirichlet projector =3 in (4.17), the Dirichlet conditions (3.11a) become

O, =0
, a230;y + az30-z =0
= JOTXJ =0 = (1 — a33)87y + a930,2 =0 (428)

a230;%Z — azz0;y =0
(1 - (133)87"g —az30;y =0

where a%?, = ag3(1—as3). Analogously to the previous analysis, we see immediately that the
brane is always normal to the z-direction (as required by eq. (4.14)), while the orientation
in the y-z and -z planes depends on as3. Recall that integrability restricts ass to be either
0 or 1 (see section 4.1.1). For ags = 0 the Neumann conditions (3.11b) read

Oyz =10
2 e Mj0,X7 =0 = 0y +m' 20,2 =0
0y —m' 20,y =0

and the Dirichlet conditions (4.28) reduce to

This is a foliation of D1-branes extending along the z-, Z- and g-axes, for arbitrary z, y
and Z. For ag3 = 1 the Neumann conditions are

05y =0
2 e Mps0,X7 =0 = 0,2 —m'yd,z =0
Oy +m'ydyz =0

and the Dirichlet conditions (4.28) become

Orx=0;,2=0;=0,
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so again we have a foliation of D1-branes, but now extending along the y-, Z- and Z-axes,
for arbitrary z, z and g.

The description of these branes in terms of physical coordinates (z,y,z) is simple,
since the self-duality constraint just reproduces the Neumann and Dirichlet conditions in
each of the two cases above. Thus for azs = 0 we have a foliation of physical D1-branes
extending in the z-direction, and for azs = 1 a foliation of physical D1-branes extending in
the y-direction.

4.1.5 The Dirichlet projector Z,: D2-branes

Inserting the Dirichlet projector =4, defined in eqs. (4.18), into the Dirichlet conditions
(3.11a) yields
O-x =0
gox =0 = 4330y + bagdr = 0 (4.29)
a330;z — ba30ry =0

and the Neumann conditions (3.11b) read

Oy,r =0
0y — m' 20,y +m'yd,z =0
(bgg + m’x(m’xbgg — a33))8(,y
—i—(m/m‘bgg — a33)8(,2 =0
(bzg + m’x(m’xbgg — agg))a(,z
L —(m/xbzg — agg)&,gj =0

EIKijang =0 =

where ags and byg are restricted by integrability to the values (4.19). In particular, recall
that = # 0. For az3 = 0 we have

Orr=0.2=0,§=0,

i.e., a D2-brane coinciding with the y-z plane. For as3 = 1 the brane in doubled space is a
straight line in the y-Z plane and a straight line in the z-gy plane, with orientation determined
by the position on the z-axis. In the four dimensions {y, z, g, Z} it is thus a two-dimensional
plane, while it extends also along # and is normal to the x-direction. This is similar to
the situation in the analysis of Z5 (see section 4.1.3), and in the same way it projects to
a physical D2-brane at arbitrary x # 0, coinciding with the y-z plane. Substituting the
self-duality constraint in the Neumann conditions yields the partial differential equations

(m/xboz — azz)0ry + bazdyz =0,
(m/xboz — azz)0rz — bagdyy =0,

which describe a foliation of physical D2-branes normal to the x-axis. Thus Zy and Z,4
both define D2-branes, however they describe different foliations, because of the difference
in parameterisation of the orientation of the brane in doubled space. After the physical
projection this translates into a difference in dynamics of the end-points of strings.

As noted in section 4.1.1, in the singular limit  — 0 (so that beg — 0), for ags = 0,
=, approaches Zy at = 0. That is, also at & = 0 there is a D2-brane coinciding with
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the y-z plane, as there is for nonzero x, so the foliation is continuous. For azz = 1 it is
easy to see from egs. (4.29) that =4 approaches =; when z — 0. That is, as = approaches
zero the two-dimensional surface in the {y, z, 9, Z} dimensions changes orientation until it
coincides entirely with the §-Z plane, leaving all the coordinates x, ¥, z Dirichlet, resulting
in a DO-brane at x = 0. As a result, we have an interpolation of sorts, between D2-branes
and DO-branes, related by a rotation in doubled space. It is more difficult to see a direct
connection with the D1-branes =3, but since all solutions are in principle related via the
generic one in eq. (4.12) we expect them all to rotate into each other, unless there are
branch cuts in the moduli space of solutions.

4.1.6 Summary

We have found that the four boundary conditions (I)=(IV) defining D-branes of the doubled
space sigma model, supplemented with the restriction (4.14), =*; = 0, allow only the
following physical branes on a flat torus with H-flux (4.6):

—_—
=

e Every D-brane has at least one Dirichlet direction; we chose the z-direction (2% = 0).
e =;: DO-branes (fully Dirichlet) at arbitrary position.

e =, and =4: D2-branes normal to the z-axis and filling up the y-z plane, at arbitrary
z-position.

e =3: Straight line D1-branes along the y- and z-axes.

All other branes are prohibited, including spacefilling D3-branes.

In doubled space, with the polarisation (4.7), the allowed configurations are illustrated
in the table below, where we denote worldvolume directions by ©, directions perpendicular
to the brane by -, and directions with respect to which the brane is inclined by / or \ (same
inclination of the slash indicates the plane in which the brane is a straight line).

Dirichlet Type of
projector brane z|lylz|xz|y| =z
= DO -l-l-1olo|o
Bz, Eafazz =1) | D2 o A N KON AN v
Z3(ass = 0) D1 Sl B NON | NOR NON BE
Zs(ass = 1) D1 SO -9 -0
§4(a33 = 0) D2 - ORNO) © - -

4.2 Nilmanifold (f-flux)

Having completed the analysis of branes in the H-flux case, we now apply T-duality to the
set of consistent Dirichlet projectors Z1, Za, Z3(agz = 0,1), Z4(azs = 0,1), and analyse
the resulting dual projectors for consistency. In terms of the doubled geometry, such an
action entails a global translation and rotation of the brane, or from another point of view,
a different choice of polarisation. In terms of the physical target space, the local geometry
as well as the flux are radically changed, but we will see that the D-branes transform in a
standard way.
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Strictly speaking, Buscher’s rules can only be applied along isometric directions for
which the background is invariant. The solution to the Bianchi identities chosen in (4.2)
is the most democratic one, but the corresponding vielbein (2.7) is not invariant along
any of the T2 directions z,v,z. One can therefore not perform a T-duality along these
directions. However, a different parameterisation (or gauge choice) of the solutions to the
Bianchi identities may render some directions isometry invariant, along which T-duality is
then allowed.® The solutions to the Bianchi identities on the dual side may be restored to
the form (4.2) by an appropriate coordinate change.

We derive the dual backgrounds and Dirichlet projectors in each of the three f-flux
configurations obtained by dualising once along, respectively, the z-, y- and z-directions.
The dualised Neumann projectors are listed in appendix A.l, and they trivially satisfy
all dual boundary conditions. It is for instance straightforward to see that the structure
constant condition (II) is satisfied on the dual side, as follows. Since in the H-flux case
the only nonzero component of the structure constant is t,,. = —m, after dualising once
the only nonzero components are, respectively, t'z,., t'z5. and ¢/5ys. The corresponding
conditions then read

—I1T =Y —IZ / o —I1T =Y =/ /
= = taEyz = O, = (1

= =Y =1 =T Y =lE g
[I—= J= K] = J= K]txyz—07 = [I= J= K]txyz—o-

In the case of T-duality along z, all of the dual Neumann projectors satisfy =’ T, = 0,
while for duality along y or z they all satisfy Z'“; = 0. Thus we see that all the branes
corresponding to Z1, Za, Z3(aszz = 0,1), E4(ags = 0,1) transform consistently under one

T-duality.

4.2.1 Dual description of the branes

To see what kind of branes the dual projectors correspond to, one may simply exchange the
relevant coordinates in the corresponding boundary conditions in the analysis in section 4.1.
For instance the brane corresponding to the T-dual along x of =; may be obtained by
exchanging = < Z in the Dirichlet conditions (4.20), so that

0,2 =0;y=0,2=0.

We thus find a D1-brane along the z-axis, which is consistent with dualising a D0O-brane
along the z-axis. For the T-duals along y and z we find D1-branes along the y- and z-
axes, respectively. Similarly, for Z5 the T-dual along z is seen to be a D3-brane while the
T-duals along y and z are D1-branes inclined in the y-z plane at angles parameterised by
x. For Z3(as3 = 0) the T-duals along x and y are D2-branes in the z-z and y-z planes,
respectively, whereas the T-dual along z is a DO-brane at an arbitrary point. The same
holds for Z3(ag3 = 1), except the roles of y and z are exchanged. The D2-brane Z4(az3 = 0)
becomes a D3-brane under dualisation along x, while its dual in the y-direction is a D1-
brane along z and its dual in the z-direction a D1-brane along y. Finally, also Z4(az3 = 1)

8For instance, in eq. (4.2) we can make the change of coordinates X5 — X% = X5 - %mXSXI and
X8 — X6 = X6 — %mX2X17 which leaves the Bianchi identities invariant. The Maurer-Cartan one-forms
then become P° = dX’® +mX3dX! and P° = dX' +mX'dX?, which corresponds to a duality twist reduction
with monodromy around the z-direction [11].
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T-dualises along x to a D3-brane, but its dual along y describes a straight line in the
y-z plane and a straight line in the y-Z plane, with one Neumann degree of freedom in
each plane. It thus projects to a physical D1-brane in the y-z plane, with orientation
parameterised by x. The T-dual along z is analogous, again giving a D1-brane in the y-z
plane, but with a different orientation.

All branes thus transform under T-duality in the standard way, and we summarise
the analysis in tables below, together with the dual backgrounds, for each of the three
dualisations along the x-, y- and z-directions.

4.2.2 Nilmanifold with structure constant f,.” = —m
Performing a T-duality along = corresponds to choosing the polarisation

z=T"/XI =X*, y =11, X1 =X2, 2 =1 X =X3,

= - - 4.30
F=1I;X =X, g =1,/ X =X5, Z=1IL;X =X6. (4.30)

Note that the roles of X! and X* have been exchanged relative to the H-flux case in
section 4.1. The explicit form of the Lie algebra is

[Zya Zz] = fyzme, [ZzaXx] = _fzyny, [Xm,Zy] = fyzxXZ,
fyzx =—-m.

The doubled metric in this polarisation is

1 —m/z m'y 0 0 0
—m/z 14+ m?3% + m'?2? —m/?yz —m/?zy 0 m'z
M — m'y —m/?yz 1 +m?3% + m'?y? —m/?%z -m'z 0
z = 0 —m?iy —m25 L+m2y2 +m2:22 m'z —mly
0 0 -m/T m'z 1 0
0 m'x 0 —m/y 0 1

After imposing the self-duality constraint (2.4) the physical background is a three-dimen-
sional nilmanifold with zero B-field and no flux. The spectrum of allowed D-branes, which
all wrap the z-direction (since the original branes are all Dirichlet along x), are summarised
in the table below.

Duality Dirichlet Type of
direction projector brane zly|lz||2|9g]| 2
= D1 ® -l-1e|e
Zp, E4(azz=1) | D3 O/ N -1\ |/
x Eg(agg = 0) D2 ® O -1 -
Eg(agg = 1) D2 ON ORI - - 1O
§4(a33 = ) D3 © © ©) - - -

Note that the branes corresponding to the projectors Zp and Z4(asz3 = 1) are not fully
Neumann along the directions x, ¥, z in doubled space; they are inclined in the y-Z and y-z
planes. Nevertheless, after imposing the self-duality constraint (2.4), with x,y, z becoming
physical coordinates, these branes correspond to D3-branes in physical space, completely
filling up the z,y, z dimensions.
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4.2.3 Nilmanifold with structure constant f,,Y = —m

Here we T-dualise along y, corresponding to the polarisation

r =17 X =Xx!, y =YX =X5, z =17/ X = X3, (4.31)
T =1X =X*, g =1, X =X2, 7 =1;X =X6. '
The Lie algebra in this case reads
[Zame] = _fosz 5 [Xy’ Zz] = fwam s [ZZ7 Zx] = fzxyZy s
fzmy =—-m.
The doubled metric in this polarisation is
14+ m25% +m?22 m'z —m%xz 0 —m2xzj —m'y
m'z 1 —m/x 0 0 0
M — —mxz —m'z 14+ m?2z® +m?§? m'y —m"%gz 0
v 0 0 m'y 1 —m/z 0
—m/?xy 0 —m/?jz —m/z 1 +m"?2® + m?2%2 m'x
—m'y 0 0 0 m'x 1

Again, the physical background corresponding to this polarisation is a nilmanifold, but
with the roles of the coordinates x and y exchanged relative to the previous case. The
spectrum of allowed D-branes is given by

Duality Dirichlet Type of
direction projector brane ||z |y | 2z ||Z |y | 2
= D1 -lol-|o]-|0
E2, Ey(azz = 1) D1 (NN o] /]
Y Eg(agg = 0) D2 -1 OOl O] - -
Eg(agg - 1) DO - - - ONNONNO)
54(6133 = ) D1 - - ® (OB NO) -
4.2.4 Nilmanifold with structure constant f,,* = —m
T-dualising along z, with polarisation
r=17X=Xx!, y =YX =X2, z =1/ X =X, (4.32)
& =T, X =X, g =1, X =X5, z=1L;X =X3, '
and Lie algebra
[Zm’Zy] :fmyZZz’ [Zanz] = _fymZXm’ [Xz’Z:B] :f:ByZXya
fxyZ =—-m,
the doubled metric is
1 +ml2y2 _|_m/2§2 —m/zmy _mly 0 m/g _m/2x2
—mzy 14+mP2? +mP?22 m'z —m'Z2 0 —m/?yz
/! /
;o —m'y m'z 1 0 0 0
M = 0 —m'z 0 1 0 m'y
m'z 0 0 0 1 —m/x
—m/?xz —m/?yz 0 my —m'z 14+ mz?+m'?y?
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In this nilmanifold the coordinates x and z are interchanged with respect to the nilmanifold
in section 4.2.2. The spectrum of dual D-branes is given by

Duality Dirichlet Type of
direction projector brane ||z |y | 2z ||Z |y | 2
= D1 - Olelo| -
E2, Ea(azz =1) | DI A A ORI
z Z3(azz = 0) DO -l-l-eolo|o
Z3(azz = 1) D2 -loloflo] - |-
Z4(azz = 0) D1 - Ol -] -106

4.3 T-fold (Q-flux)

Performing a fibrewise T-duality along two directions of the T2 with H-flux background
gives a T-fold [4, 6]. Such backgrounds are often referred to as tori with “Q-flux” [22]. The
dualised Neumann projectors are listed in appendix A.2, and again they all satisfy the dual
boundary conditions. All branes corresponding to Z1, Za, Z3(asz = 0,1), Z4(asz = 0,1)
are thus consistent under two T-dualities. Below we list the branes appearing in each of
the three @-flux cases.

4.3.1 T-fold with structure constant Q,*Y = —m

T-dualising successively along x and y corresponds to the polarisation

r=1%X =X, y=11Y, X = X5, z =17 X =X3, (4.33)

F=1I,X =X, g =1L,/ X =X?, Z=1IL;X =X6. '
The Lie algebra in this polarisation is

[anXy] = szsz, [XyaZz] = _szmZm’ [ZZ’X:B] = szyZy,
szy =—-m,

and the doubled metric is

1 0 m'y 0 —m/z 0

0 1 —m'z m'z 0 0
Mo = m'g —m'z 14+ m2E? + m?j? —m"iz —m/zgz 0

s 0 mz —m"%iz 1+ m’2y2 +m/22? —m/?%y —m/y)
-m'z 0 —m/?jz —m/?zy 14+ m”23%2 +m?22 m'z
0 0 0 —m/y m'x 1

The physical background is a T-fold constructed as a T2 fibration over the z coordinate.
The dual branes are interpreted in the same way as in the nilmanifold case, by exchanging
dualised coordinates in the relevant boundary conditions, resulting in the following table.

Duality Dirichlet Type of
directions projector brane zly|lz||2|9g]| 2
= D2 OlOo|--1-1©
EQ E (a33 = 1) D2 ® \ \ - / /
xr, Yy Eg( a3z — 0) D3 ONNONNO) - -
E3(azs = 1) D1 Ol-1--1©]0©
Z4(azz = 0) D2 Ol -1O0|-]10] -

,26,



4.3.2 T-fold with structure constant ,%* = —m

The polarisation for duality along y and z is

z=17X =Xx!, y =YX =X5, z=1" /X =X, (4.34)
=TI X! = X4, g =1, X =X2, 7 =T X =X3, '
the Lie algebra reads
[Z:m Xy] = meZZz s [Xy, XZ] = meZXx s [XZ, Zm] = _QmZyZy 5
Q$yz =—-m,
and the doubled metric in this polarisation is
L4+ m?25? +m?22 m/z2 —m'y 0 —m/%xj —m'?zz
m'z 1 0 0 0 —m/z
M — —m/y 0 1 0 m'zx 0
e 0 0 0 1 —m/z m'y
—m/%xzj 0 mz —m/Z 14+ m?a?+m?3? —m/%gz
—m"xz -m/z 0 my —m/?jz 14+ m/22? + m/?5?

The T-fold here is given by a T? fibration over a circle with coordinate z. The resulting
dual branes are

Duality Dirichlet Type of
directions projector brane ||z |y |z ||Z |y | 2
= D2 -leo|leoloe]-|-
o, Ea(azs = 1) D2 I\ /e /N
Y, 2 Eg(agg = 0) D1 -1 O - ® ®
53(a33 = ) D1 - - O] (CN O, -
E4(CL33 = 0) DO - - - ONNONNO)
4.3.3 T-fold with structure constant Q,** = —m
T-duality along x and z corresponds to the polarisation
r=T"/XI =X*, y =11, X1 =X2, z=1I" X! =X, (4.35)
F=1I;X =X, g =1L, X =X5, Z=1;X =X3, '
with Lie algebra
[Xxv Zy] = _QymZZ?H [ZvaZ] - Qyzmzﬂc? [XzaXm] - Qyzny7
Qyzx =—-m,
and dual doubled metric
1 —m'z 0 0 0 m'y
—m/Z 1 +m"?3% +m?2> m'z —m/?zy 0 —m/?yz
Mo — 0 m'z 1 —m/y 0 0
Tz 0 _m/2i,y _m/y 14+ m12y2 + m/2§2 m/g _ml2i.2
0 0 0 m'z 1 —m'T
m'y —m/?yz 0 —m/?iz —m/E 14+ m"2E? + m/%y?
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The background is again a T-fold, but this time the fibration is over a circle with coordinate
y. The dual branes are

Duality Dirichlet Type of
directions projector brane cly|lz||2|9g]| 2
5 D2 |o|-|o|-]o]-
Sy, Eylagz =1) D2 O/ /- NN
x, 2 Eg(agg = 0) D1 O) - -1 OO
Z(azg = 1) D3 Ole|o|-|-1]-
§4(a33 = 0) D2 ONNON - -1 -1 ©

4.4 R-flux

It has been conjectured [5] that one can perform a T-duality along all three of the z, y
and z directions of the three-torus with H-flux background. Following the nomenclature
of [22], we refer to the conjectured resulting background as an “R-flux” background. The
self-duality constraint (2.4) cannot be consistently imposed on the background in such
polarisations so as to eliminate the dual coordinates. It is unclear what the precise nature
of such backgrounds is, but it has been conjectured that conventional notions of Riemannian
geometry break down locally (in contrast to the T-fold, where Riemannian geometry breaks
down only globally). Regardless of what the final conclusion concerning such backgrounds
may turn out to be, the only understanding we currently have is through the doubled
formalism [11].

Assuming one can dualise along all three directions, in the present setup there is only
one dual, to which the projectors transform as

/

[1]
(1]

= Pryz

where py. = pepyp-. The dualised Neumann projectors are listed in appendix A.3, and
they all satisfy the dual boundary conditions.
The polarisation corresponding to the R-flux background is

=17 X =X*, y =YX =X5, z =1/ X =X, (4.36)
Z=1;X =x!, g =1,/ X =X2, 7=1;X =X3, '
and the associated Lie algebra is
[X*, XY] = R"Z. (XY, X7 = RV Z (X%, X*] =R*™2Z,,
R™* = —m.
The doubled metric in this polarisation is
1 0 0 0 —m'z m'y
0 1 0 m'z 0 -m/x
M — 0 0 1 —m/y m'zT 0
Y2 0  m'z —m'g1l+mPy +m?z? —m/?zj —m/?%%
-m'z 0 m'E —m/%& 1+m”z* +m™2? —m/%jz
m'y —m'z 0 —m/?iz —m/?jz 14+ m2z% + m/?¢?
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As was discussed in ref. [11] it is not possible in this case to even locally define a description
of the background as a conventional three-dimensional manifold. From the doubled metric

one can read off an effective metric g (cf. eq. (2.6)),

ds? = X’l [dmz + dy2 +d2? + m/z(:ﬁd:ﬂ + gdy + Zdz)z] ,

Tyz
where
X =14+m?(@ +7°+ 7%,
and a B-field,
B;yz = —x"'m/ (Zdz Ady +Zdy Adz +§dz Adz) .

The doubled space interpretation of our Dirichlet projectors in the R-flux frame is given
in the following table.

Duality Dirichlet Type of
directions projector brane cly|lz||2|9g]| 2
=h D3 ololo|-|-]-
Eg, Eu(azz=1) | D3 OLN |/ -/
x, Y, 2 Z3(asz = 0) D2 Ol - |- ©
Eg( 33 = 1) D2 © - © -1 © -
Z4(azz = 0) D1 Ol-1-1-10]06

As in the nilmanifold case there appears a “D3-brane” that is not completely Neumann
along z,y, z if viewed as embedded in doubled space. Although there is no physical pro-
jection here, for consistency of terminology we have chosen to call it a D3-brane.

To summarise this section, we have seen that all the Dirichlet projectors (4.15)—(4.18)
transform consistently under all T-dualities, thus defining consistent D-branes on the entire
doubled space X. The projector Z; was found also in [21] using the five-dimensional
doubled torus construction, but the projectors Za, Z3(azs = 0,1) and ZE4(az3 = 0,1) are
new solutions.

5 Discussion

We have extended the doubled geometry closed string nonlinear sigma model [13] to a model
with boundaries, corresponding to an open string worldsheet, and derived the associated
boundary conditions. Including two geometrically motivated assumptions, the result is
a set of four conditions, which are necessary and sufficient to define consistent locally
smooth D-branes in the doubled target space: the brane must be a maximally isotropic
submanifold; its orientation must be compatible with the Lie algebra structure; its tangent
and normal spaces must be orthogonal with respect to the metric on the doubled geometry;
it must be integrable.

Solving these conditions, we derived and classified in a systematic way the allowed
D-branes in a toy model, the doubled three-torus with constant NS-NS flux. We obtained
the most general possible Dirichlet projectors satisfying all boundary conditions except
integrability, and then analysed a subset of solutions where we fixed one Dirichlet direction.
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This choice was made in order to avoid the complexity of the most general solution, which
prevented us from solving the integrability condition. For these slightly simpler solutions
the integrability condition could be solved, and even though our attention was confined to
a subset of solutions, we established a clear strategy to derive them and how to interpret
them in physical terms. This included applying T-duality along all physical directions and
analysing the dual boundary conditions, as well as imposing a self-duality constraint.

We found four types of globally consistent D-branes, defined by the Dirichlet projec-
tors (4.15)—(4.18) in the H-flux case, which correspond to DO-branes, D1-branes along
the y- and z-axes, and D2-branes in the y-z plane; D3-branes are prohibited. Lawrence
et al [21] already found the DO-branes (here labelled 1) in their doubled-fibre approach to
the same model, but the other solutions are new. Our branes all transform in the standard
way under T-duality, to the f-flux, @-flux and R-flux frames. We moreover found that
the D2-branes and DO0-branes are related by rotations in the doubled space, as one would
expect from solutions that stem from the same generic projector.

Our analysis here was done only on the classical level, and should be extended to
quantum theory. Quantum studies have been performed in cases of vanishing flux [35,
36] and for models where the T-duality twist reduces to orbifolding [37]. In the latter
analysis the authors found fractional branes apparently lacking geometric counterparts
in the doubled formalism. More generally, the self-duality constraint may be imposed
on the quantum level via a gauging procedure [13, 25]. In this paper we considered sigma
models describing the worldsheet in internal space only. Moreover, the example in section 4
took into account only three compact dimensions of the physical target space. In order
to describe viable string theory backgrounds based on these toy models, the additional
spacetime directions of the target space need to be included in such a way that the sigma
model is a conformal field theory, describing the embedding of the worldsheet into a target
space of critical dimension, so that the background fields satisfy the string equations of
motion. It would be interesting to see how the conformal symmetry appears in the doubled
formalism, and how it is related to the self-duality constraint.

Another example of a doubled geometry is Drinfel’d doubles, which are relevant in
Poisson-Lie T-duality [38-40], a generalisation of T-duality to target spaces with non-
abelian isometry, as well as to nonisometric target spaces. The study of D-branes in that
framework encountered problems due to nonlocality issues [41], and we hope to resolve
them by applying the present methodology.
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A Dual projectors

Here we list the Neumann projectors obtained from the H-flux ones by applying T-duality

along various directions.

A.1 Nilmanifold

T-dualising only along one direction the configurations are translated to the f-flux frame,

with different dual projectors depending on which coordinate is dualised.

A.1.1 Nilmanifold with structure constant f,.* = —m

Dualising along the z-direction the resulting Neumann projectors =’ = p, = p, read

1-mz m'y 0 00 1 0 0 000
0 0 0 0 00 0 1 0 000
— |0 0 0 0 00 — |0 0 1 000
L7100 0 0 00~ 2710 0 0 000 |”
0 0 —-m'z mz 10 0 0 mz000
0 m'z 0 —-my01 0-m'z 0 000
1-m'z0 0 00 10my 0 00
0O 0 0 0 00 01 O 0 00
— 0 0 1 0 00 — 00 O 0 00
Slas=00=13 o ¢ 9 g0 ZEs=D=14009 o 00"
0 0 0m=z10 00 O 0 00
0O 0 0 0 00 00 0 —m/y01
100 0 —m’yb23 —m’zb23
010 m’yb23 0 —b23 ,
—z . . 001 m'zb23 bas 0 mx
‘—‘4(0’33 - 0) “looo0 0 0 0 ) b3 _1 n (m/x)z )
000 O 0 0
000 O 0 0
1—mzm'y 0 —m'ybys —m/zbog
0 0 0 m'ybos 0 —bo3
—z N N 0 0 0 m’zb23 bas 0 o m'z
H4(a33 - 1) - 0 0 0 0 0 0 ) b23 — 1+ (m’x)2 :
0 O 0 mz 1 0
0 0 0 -—-mly 0 1
A.1.2 Nilmanifold with structure constant f.,Y = —m

Dualising along the y-direction the Neumann projectors =’ = p, = p, read

O 0 O o0 o0 o0 00 0 0 0 O

mz 1 -m'z0 0 0 00m'z0 0 0

| 00 0 0 0 0 |00 10 0 o
-1 0 0 my 1-m'z0 | 27100 01 0 0]

O 0 O o0 o0 o0 00 0 0 1 O

-m'g0 0 0 mz 1 00 0 0—-m'z0
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0 000 O O 0O 0 0 00O
m'z100 0 0 0 00000
0 010 O O 0O 0 0 00O
=Y = = =
E3(a33 =0) = 0 001 —m/z0 | E3(azs = 1) = 0 O0m'yg100 |
0 000 O O 0O 0 0 010
0 000 O O -m'g0 0 001
0 0 000 0
0 0 000 0
, /
=y o o m Zb23 b23 100 0 _ mw
Silass =0) = 0 —m'gbyz 010 —m'zboz |’ P2 1+ (m'z)*’
m/§bos 0 001 —bos
0 0 000 0
0 0 0O 0 O 0
m'z 1 00 0 0
, /
—y oy | mzbas bz 0 0 0 0 __me
Eilazz =1) = 0 —m'Ghys m'G 1 —m'z —mizbes | BT IT (m'z)?
m/gbgg 0 0 0 0 _b23
“m'y 0 00 0 1
A.1.3 Nilmanifold with structure constant f,,* = —m

Dualising along the z-direction the Neumann projectors =/ = p, Z p, read

0 0 000 O 0O 0 000 O
0 0 000 O 0O 1 000 O
— | —m'y m'z 100 0 —_ | 0-—m/z000 0
-1 0 —-m'z2010 my ’ 710 0 010 0 ’
mzZ 0 001 -mx 0 0 000mx
0 0 000 O 0O 0 000 1
0 0 0000 0 0000 O
0 0 0000 0 1000 O
..~ ]l 0o 0 0000 . | -myo0o100 0
Silass=00=1 o _zo100 | Ssles=1=1] 0010my |’
mz 0 0010 0 0000 O
0 0 0001 0 0000 O
0 O 0 0 0 0
m'yb231 —b23 0 0 0
o o0 0 0 0 0 _omlz
‘—‘4(0’33 — 0) — 0 0 —mlgbgg 1 —mlybgg 0 5 b23 1+ (m/x)2 5
0 O 0 0 0 0
m’2b230 0 0 b23 1
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0 0 0 0 0 0
m'yb23 0 —b23 0 0 0
= (055 = 1) = -m'y 0 1 0 0 0 b — m'x
=433 = - 0 —m's —m/§b23 1 —m’yb23 m/y ) 23 — 1+ (m,x)z .
m'z 0 0 0 1 0
m/fbgg 0 0 0 523 0

A.2 T-fold

T-dualising along two directions the configurations are translated to the Q-flux frame, with

different dual projectors depending on which pair of coordinates is dualised.

A.2.1 T-fold with structure constant Q.,*Y = —m

/

Dualising along the (x,y)-directions the resulting Neumann projectors = = pyp, Z papy

read
10 m'y 0 —m/z0 10 00 0 O
01 —-m'z m'z 0 0 00mz0 0 0
—zy | 00 0O 0 0 O —ay |00 1.0 0 O
L7100 0 0 0o o1’ =2 7100 00 0 O0]°
00 O 0 0 O 00 00 1 O
00 0 -—-m'yg mz 1 00 0 0—-m'z0
100 0 —m/'z0 10m'y 0 00
010m'z 0 O 00 0 0 00
001 O 0 0 00 0 0 00
=Ty _ _ =Ty _ _
e =0=1000 0 o0 o Zs=U=]g00 o o0l"
000 O 0 O 00 O 0 10
000 O 0 O 00 0 —m'yg01
1 —m'g]b23 0 0 0 —m'zb23
0 0 0O 0 O 0
0 b 1 m/zbys O 0 m'x
=Ty o _ 23 23 - =
S =0=1q ¢ o 0 0 o0 e Ny P
0 0 0 m/gbgg 1 —bgg
0 0 0O 0 O 0
1 —m/gbos m'y 0 —m'z —m/zbog
0 1 0 m'z 0 0
0 b 0 m'zb 0 0 m'x
=Ty _ _ 23 23 o
=4(a33—1)— 0 0 0 0 0 0 ) b23—m-
0 0 0 m'gbyz 0 —ba3
0 0 0 —-my O 1
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A.2.2 T-fold with structure constant Q,%* = —m

Dualising along the (y, z)-directions the Neumann projectors Z' = p.p, Z pyp. read

0 000 O 0 0000 0 O
m'z 100 0 —mx 0000 O max
—yz | —m'g 010 m'z 0 —yz_ [ 0000 —-—mz O
=1 = 0 001-m/z2 w4 |° =2 ~]oo0o01 0 0 |°
0 000 0 0 0000 1 0
0 000 0 0 0000 0 1
0 000 0 O 0 0000 0
mZ100 0 0 0 0000 O
0 000 0 O -m'g 0100 0
=y - =8 (a3 = 1) =
=257 (ag3 = 0) 0 001 —m/20 |~ B3 (a3 =1) = 0 0010my
0 000 0 O 0 0001 0
0 000 0 1 0 0000 0
0 0 0 000
0 0 0 000
0 0 0 000 m'x
=Yz _ _ -
Ei (a3 =0) = 0 —mijbys —m/3bys 100 | * U287 1+ (m'z)?’
m'@]b23 0 —b23 010
m12b23 523 0 001
0 0 0O 0 0 0
m's 1 0 0 0 0
s~ /
—yz B B —m'y 0 1 0 0 0 o mxT
=y (a33 = 1) == 0 —m/gb23 _,’,’,L/sz3 1 —m'é m/g ) b23 - 1 i (m/x)g .
m/gbgg 0 _b23 0 0 0
m/Zbog  bag o 0 0 0

A.2.3 T-fold with structure constant Q,** = —m

Dualising along the (z, z)-directions the Neumann projectors Z' = p.p, = p.p, read

1-m'z0 0 0 my 1 0 000 O

0O 0 O 0 0 O 0 1 000 O

—z |0 Mz 1 -my0 0 —wz_ | 0—m/Z000 0
“L~"10 0 0 0 0 O ’ 2 710 0 000 O ’

0 0 0 mz 1-mz 0 0 000mz

0O 0 0 0 0 O 0O 0 000 1
1-m'20 0 00 100 0 0my
0 0 O 0 00O 010 O 0 O

/!
SN R R R R A
0 0 0mMz10 000 O 0 O
0 0 0 0 01 000 O 0 O
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10 —m/gbgg 0 —m'yb23 0

01 —baz mybas 0 0
—zz w100 0 0 0 0 o m'z
= =0=179 o 0 0 ol BT T wae ()2
00 0 0 0 0
00 0 m Zb23 b23 1
1 —m/z —m/zZbys 0 —m/yboz m'y
0 0 —bgg m/ybgg 0 0
—xz v_10 0 1 —m'y 0 0  omlx
iy} (a33 = 1) = 0 0 0 0 0 0 s b23 = 71 n (m’x)Q .
0 0 0 m'z 1 0
0 0 0 m Zb23 bgg 0

A.3 R-flux

T-dualising along all three directions x,y,z the configurations are translated to the R-
flux frame, with structure constant R*™? = —m and dual Neumann projectors given by

B = PzPyPz = PzPyPz

100 0 —m'z my 1000 O 0
010 m'z 0 —-m'z 0000 O mz
171000 O 0 0 ’ 2 0000 O 0 ’
000 O 0 0 0000 1 0
000 O 0 0 0000 O 1
100 0 —m'z20 100 0 0my
0o1om'z 0 0 000 0O 0 O
- 000 O 0 O — 001 -m'yg0 0
— LYz — _ —TYZ o o
=3 (s =00=1000 0 0o o B ls=D=|500 0 00 |°
000 O 0 O 000 0 1 0
000 O 0 1 000 O 0 O
1 —m'g]b23 —m’2b23 0 00
0 0 0 0 00
- 0 0 0 0 00 m'x
\:iyz(agg = O) = 0 0 0 0 00 , b23 = —71 n (mlx)Z ,
0 0 —b23 m/gb23 10
0 b23 0 m'2b23 01
1 —mlgbgg —m/gbgg 0 —m'é m'g
0 1 0 m'z 0 0
- 0 0 1 -m'y 0 0 m'z
—xyz . . -
=y (a33 = 1) = 0 0 0 0 0 0 s b23 = 71 T (m/m)Q .
0 0 —523 m/gbgg 0 0
0 523 0 m12b23 0 0
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